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Abstract 

We provide a short proof for the theorem that two compact Riemannian 
manifolds are isomorphic if and only there exists an order isomorphism 
which intertwines between the heat semigroups on the manifolds. 



March 2011. 



AMS Subject Classification: 58J53, 35P05, 47F05, 35R30. 



X 



Home institutions: 

1. Abteilung Angewandte Analysis 
Universitat Ulm 
Helmholtzstr. 18 
89069 Ulm 
Germany 



2. Department of Mathematics 
University of Auckland 
Private bag 92019 
Auckland 1142 
New Zealand 



1 Introduction 



Two years before the publication of Kac's famous paper [Kac] 'Can one hear the shape 
of a drum' Milnor |Mil] gave a counter example showing that one cannot hear the shape 
of a compact Riemannian manifold. Milnor presented two 16- dimensional Riemannian 
manifolds for which the associated Laplace-Beltrami operators have the same spectrum, 
i.e. are isospectral. The latter is equivalent with the existence of a unitary operator U 
which intertwines the heat semigroups on the compact manifolds. The heat semigroups 
are positive, which means that they map positive functions (i.e. positive heat) to positive 
functions on the L 2 -spaces of the compact manifolds. In this paper we replace the unitary 
operator by an order isomorphism, i.e. a linear bijective mapping U such that U(p > if 
and only if <p > 0. Then we show that the manifolds are indeed isomorphic. This may be 
interpreted in the following way. The heat semigroups are positive, which means that pos- 
itive functions (heat densities) are mapped to positive functions. The orbit corresponding 
to a positive initial value describes the propagation of the heat density, i.e. the diffusion. 
Thus to say that an order isomorphism intertwines between two heat semigroups means 
that the positive orbits are mapped to positive orbits. So our result may be rephrased 
by saying that diffusion determines the compact manifold. For open connected subsets of 
H d satisfying a weak smoothness condition Arendt |Are2] proved that diffusion determines 
the body (see also |Arelj ). In a recent paper |ABE] this was extended to connected Rie- 
mannian manifolds satisfying the same smoothness condition. Every compact connected 
Riemannian manifold satisfies this smoothness condition. 

The aim of this paper is to give a direct and short proof that diffusion determines the 
body for compact Riemannian manifolds. The compact Riemannian manifolds do not have 
to be connected. 

Let (M, g) be a compact Riemannian manifold of dimension d. Then M has a natural 
Radon measure with respect to which we define the L p -spaces on M. Set 



If ip G H X {M) and (V,x) is a chart on M then set -jfjtp = (A^ ^" 1 )) ox E L^V), where 
Di denotes the partial derivative in R d . Moreover, for all <p,i/; E i/ x (M) there exists a 
unique element V<p ■ Vip G Li(M) such that 



for every chart (V,x) on M. Set |V</?| = (Vy? • Vy?) 1//2 . We provide H 1 (M) with the 
norm <p h-> + || |V^| \\l) l/2 . Then H l (M) is a Hilbert space. Define the bilinear 

form a: H 1 (M) x H l (M) — > R by a(ip, ip) = J V^> • Vip. Then a is a closed and positive 
form in L 2 (M). The Dirichlet Laplace-Beltrami operator A on M is the associated 
self-adjoint operator. If ( V, x) is a chart on M then 



for all <p G C£°(V). Let S be the semigroup on L 2 (M) generated by —A and let p G [1, oo). 
By the Beurling-Deny criteria the operator S t \L 2 (M)nL p (M) extends to a positive contraction 



H\M) = {^e L 2 (M) : ip o x G H (x(V)) for every chart (V,x)} 
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operator on L P (M) for all t > 0. Moreover, S^' is a Co-semigroup. Since the semigroup 
S has a smooth kernel satisfying Gaussian bounds ( |Sal] Theorem 5.4.12), it follows that 
S t C(M) C C(M) and S\ C (m) is a C -semigroup on C(M). 

If (Mi, gi) and (M2, #2) are two compact Riemannian manifolds then a map r: Mi — >■ M2 
is called an isometry if it is a C^-diffeomorphism and 

92\r(p)(n(v),n(w)) =g 1 \ p (v,w) 

for all p G Mi and v,w G T p M\. The Riemannian manifolds (Mi,<?i) and (Mj,^) are 
called isomorphic if there exists an isometry from Mi onto M2. If r: Mi — > M2 is an 
isometry and p G [1, 00] then 99 o r G L p (Mi) and 

||V°T||£p(Mi) = IMU„(Af a ) (1) 

for all ip G L p (M 2 ). 

A linear operator U: E — )■ F between two Riesz spaces is said to be a lattice homo- 
morphism if 

£% A V) = (U<p) A (C/V) 

for all ip,ip G -E. For alternative equivalent definitions see [A1B] Theorem 7.2. Each 
lattice homomorphism U is positive, i.e. <p > implies > 0. An order isomorphism 
U: E — > F is a bijective mapping such that Lfy> > if and only if ip > 0. Equivalently, U 
is an order isomorphism if and only if U is a bijective lattice homomorphism. Then also 
U^ 1 is an order isomorphism. Recall also that each positive operator between L p -spaces, 
or from C(Mi) into C{M2) where Mi and M2 are compact Hausdorff spaces, is continuous 
by [AlB] Theorem 12.3. 

The main theorem of this paper is the following. 

Theorem 1.1 Let (Mi, g{) and (M2,g2) be two compact Riemannian manifolds. Let p G 
[l,oo). For all j G {1,2} let Aj be the Laplace-Beltrami operator on Mj and let S u) 
and be the associated semigroups on L p (Mj) and C(Mj). Then the following three 
conditions are equivalent. 

I. (Mi, pi) and(M 2 ,g2) are isomorphic. 

II. There exists an order isomorphism U: L p (M\) — > L p (M 2 ) such that 

usl 1] = s[ 2) u 

for all t > 0. 

III. There exists an order isomorphism U: C(M{) — > C(M 2 ) such that 

UT t {1) = T t {2) U 

for all t > 0. 

Moreover, if the manifolds are connected and if U is an order isomorphism as in Condi- 
tion^ or II III then there exist c > and a (surjective) isometry t: M 2 — > M\ such that 
Utp = ctp o r for all tp G L p (Mi). 

The implications HWHT1 and H1= HIIII are an easy consequence of ([1]). 
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2 Proof of Theorem 11.1 



The first part in the proof of Theorem II .H is the observation that C°°-functions are invariant 
under intertwining operators. 

Lemma 2.1 Let (Mi,g{) and (M 2 ,g 2 ) be two compact Riemannian manifolds. Let p G 
[l,oo). For all j G {1,2} let Aj be the Laplace-Beltrami operator on Mj and let S^' and 
T^' be the associated semigroups on L p (Mj) and C(Mj). Let either U: L P {M\) — > L P (M 2 ) 
be an order isomorphism such that 

usl 1} = sl 2) u 

for all t > 0, or U: C(Mi) — » C(M 2 ) be an order isomorphism such that 

UT t {1) = T} 2) U (2) 

for all t > 0. Then 

(i) UC°°(Mx) = C°°(M 2 ). 

(ii) Utp > if and only if tp > 0, for all (p G C co (M 1 ). 
(hi) (U(p)(U^) = for all <^,<0 G C°°(Mi) w& = 0. 
(iv) A 2 U(p = UAup for all <p G C°°(Mi). 

Proof Suppose U is an order isomorphism from C(M\) onto C(M 2 ). Let Hj be the 
generator of T^> for all j G {1, 2}. If ^ G D(Hi) then it follows from (j2j) that 



/ -T? ) )Utp=\U{I -T (1) ) 



for all £ > 0. Since ?7 is continuous one deduces that Utp G D(H^). So UD(Hi) C -D(F 2 ) 
and ff 2 £/^ = t/i?!^ for all y G D(A X ). Similarly U^D^) C £>(iJ x ) and therefore 
l/D(iZi) = £>(# 2 ). Hence by iteration ^f^Li^W) = V\n=i D i H T)- But C°°(Mj) = 
n^Li-0(-^7) f° r an i ^ {1)2} by elliptic regularity. Here we use that the manifolds are 



compact. This shows (i) and (iv) Property (ii) follows since U is an order isomorphism. 



Moreover, \U<p\ = U\ip\ for all cp G C(M X ). Hence if ip,tp G C(M 1 ) and (pip = then 
\<p\ A \if>\ = and \U<p\ A |£fy| = W A U\tp\ = U(\cp\ A = 0. Therefore \(U<p)(Uip)\ = 
\U<p\ \Uip\ = and (U<p)(Uip) = 0. This implies Property (hi) 

The proof on the L p -spaces is similar. □ 

The next lemma is a C°°-version of the Riesz representation theorem. (Cf. [EvGJ 
Corollary 1.8.1.) 

Lemma 2.2 Let M be a compact Riemannian manifold and F: C°°(M) — > R a positive 
linear functional such that 

F(cp) F(i/j) = for all (p, ijj G C°°(M) with ip ip = 0. (3) 

Then there exist c G [0, 00) and p G M such that F(ip) = cip(p) for all ip G C°°(M). 
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Proof Let ip G C°°(M). Then H^Hool — (p > 0, so it follows from positivity that 
F(<£) < F(t) H^Hoo- Since C°°(M) is dense in C(M) one can extend F to a continuous 
linear function from C(M) into R. This extension is again positive since positive functions 
in C(M) can be approximated uniformly by positive functions in C°°(M). By the Riesz 
representation theorem there exists a unique Radon measure \x on M such that F(tp) = 
J ipd/j, for all ip G C°°(M). Then it follows from that \i is a point measure. Hence there 
exist p G M and c G [0, oo) such that F(<p) = cip(p) for all <p G C°°(M). □ 

Proposition 2.3 Lei [M\,gi) and {M 2 ,g2) be two compact Riemannian manifolds. Sup- 
pose there exists a linear bijection U: C°°(Mi) — > C°°(M 2 ) such that 

(i) Uip>0 if and only ifip>0, for all ip G C°°(M 1 ). 

(ii) {Uip){Uijj) = if and only if (pip = 0, for all ip^ G C°°(M{). 
(hi) A 2 L^ = for all if G C°°(Afi). 

Then the Riemannian manifolds (Mi,gi) and (M 2 ,g 2 ) are isomorphic. 

Proof Let q G M 2 . Then the map <p \-¥ (U<p)(q) from C°°(Mi) into R is linear, positive 
and non-zero. So by Lemma [2.21 there exist r(q) G M\ and /i(g) G (0, oo) such that 

(U<p)(q) = h(q) tp{T{q)) (4) 

for all <£> G C°°(Mi). So one obtains functions r: M2 — >■ Mi and h: M 2 — > (0, 00). Similarly, 
there exist t: Mi ->■ M 2 and h: Mi -> (0, 00) such that (U~ l ili){p) = h(p) if)(r(p)) for all 
V> G C°°(M 2 ) and p G Mi. Then p(p) = h{p) h(r{p)) y(r(f(p))) for all 9? G C°°(Mi) and 
p G Mi. Choosing = 1 gives h(p) h(r(p)) = 1. Hence ip = ip o r or for all G C°°(Mi) 
and t or = I. Similarly t or = I and r is a bijection. 

Choosing again tp = 1 in (0} gives /i = J71 G C°°(M 2 ). Hence ^or = /r 1 !/^ G C 00 ^) 
for all <y? G C°°(Mi) and r is a C°°-function. Thus r is a C°°-diffeomorphism and the two 
manifolds have the same dimension. Let d = dim Mi = dimM2. 



It follows from Property (iii) that 



A 2 (h-(<poT)) = h-((Ai<p)o T ) (5) 

for all ip G C°°(Mi). Let q G M2. There exists a chart (V,x) on Mi such that r{q) G V 
and x(r(q)) = 0. Let Q C M x be open such that r(q) G C O C V. Let Ai, . . . , X d G R. 
For alH > there exists a </? t G C°°(Mi) such that 



Since 



on V it follows that 



Id- d 



d X d 
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on f2. Hence 

d 

lim r 2 (h ■ ((A m ) o r)) (q) = h(q) V ^(r(g)) A, A r 
Next, (r _1 (V^),?/) is a chart on M 2 , where y = x or. Then it follows similarly that 

d „ d 



hm r 2 (a 2 (/> ■ o r))) («) = £ %) E A ^ fc ° T ) E A ^ ° r ) (?) 

i,j=i y % k=l 1=1 

£%)3?(<4£w)m(^£v)(,) 

i,i=i y * fc=i yj 1=1 

d 

E %) 02 (?) X i <V 



But then © gives 



E 9i{r{q)) K Xj = ^ g l i(q) X, Xj 

i,j=l i,j=l 



for all Ai, . . . , X d E R and (g\ 3 o r)(g) = g%(q) for all i, j <G {1, . . . , d}. Hence ^1^-^(9) = 
g2ij\q- in particular, 

for all j G {1, . . . , d}. Hence r is an isomorphism from (M 2 , #2) onto (Mi, pi). □ 

Now the implications Hn=^H1 and HTT1 =>II1 in Theorem 11.11 follow easily from Lemma I2TTI and 
Proposition 12.31 Substituting tp = 1 in ([5]) gives A 2 h = in the proof of Proposition 12.31 
If M2 is connected this implies that h is constant. Then the last part in Theorem 11.11 is 
obvious. 
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